Effects of deformed phase space on scalar field cosmology. 
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The effects of phase space deformations in standard scalar field cosmology are studied. The 
deformation is introduced by modifying the symplectic structure of the minisuperspace variables to 
have a deformed Poisson algebra among the coordinates and the canonical momenta. It is found 
that in the deformed minisuperspace model gives rise to an accelerating scale factor in the absence 
of a cosmological constant, and this acceleration is a consequence of the phase space deformation 
parameter /3. 
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I. INTRODUCTION 

The initial interest in noncommutative field theory [1] 
slowly but steadily permeated in the realm of gravity, 
from which several approaches to noncommutative grav- 
ity [5] where proposed. All of these formulations showed 
that the end result of a noncommutative theory of grav- 
ity, is a highly nonlinear theory. In order to study the 
effects of noncommutativity on different aspects of the 
universe, noncommutative cosmology was presented in 
[3] . The authors noticed that the noncommutative defor- 
mations modify the noncommutative fields, and conjec- 
tured that the effects of the full noncummutative theory 
of gravity should be reflected in the minisuperspace vari- 
ables. This was achieved by introducing the Moyal prod- 
uct of functions in the Wheeler-DeWitt equation, in the 
same manner as is done in noncommutative quantum me- 
chanics. The model analyzed was the Kantowski-Sachs 
cosmology and was carried out at the quantum level, sev- 
eral works followed with this idea [H [5] . 

Although the noncommutative deformations of the 
minisuperspace where originally analyzed at the quan- 
tum level, by an effective noncommutativity on the min- 
isuperspace, classical noncommutative formulations have 
been proposed. In [3], the authors considered classi- 
cal noncommutative relations in the phase space for the 
Kantowski-Sachs cosmological model and established the 
classical noncommutative equations of motion. For scalar 
field cosmology, in [S] the classical minisuperspace is 
deformed and a scalar field is used as the matter com- 
ponent of the universe. The main idea of this classical 
noncommutativity is based on the assumption that modi- 
fying the Poisson brackets of the classical theory gives the 
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noncommutative equations of motion (3H1]- The main 
purpose of this letter is to analyze the effects of more 
general phase space deformations in cosmology. In [8 
the authors study effects of the more general deforma- 
tions of the minisuperspace of dilation cosmology, they 
comment that in the late time behavior of the model is 
similar to that of a de Sitter universe. 

We will work with an FRW universe and a scalar field. 
This model has been used to explain several aspects of 
our universe, like inflation, dark energy and dark matter. 
Our approach to deformed space cosmology is through 
its introduction in a phase space constructed in the min- 
isuperspace variables, and is achieved by modifying the 
symplectic structure (Poisson's algebra of the minisuper- 
space) in the same manner as in [3H5]. It will be showed 
that in the absence of a cosmological constant, the be- 
havior of the scale factor can account for a late time 
acceleration. 

We will start in Section II, by introducing the commu- 
tative model. In Section III, the noncommutative model 
is presented, as well as the dynamics of the cosmolog- 
ical model. We will show that with our approach late 
time acceleration can be accounted for and a relationship 
between the cosmological constant and the deformation 
parameters is conjectured. Finally, the last section is de- 
voted for conclusions and outlook. 



II. THE COMMUTATIVE MODEL 

As already suggested, cosmology presents an attractive 
arena for noncommutative models, both in the quantum 
as well as classical level. One of the features of noncom- 
mutative field theories is UV/IR mixing, this effectively 
mixes short scales with long scales, from this fact one 
may expect that even if noncommutativity is present at 
a really small scale, by this UV/IR mixing, the effects 
might be present at an older time of the universe. 
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We start with a homogeneous and isotropic universe 
endowed with a flat Friedmann-Robertson- Walker metric 



ds 2 



-N 2 {t)dt 2 + a 2 {t) [dr 2 + r 2 dVt] , 



(1) 



where as usual a(t) is the scale factor of the universe and 
N(t) is the lapse function. The action we will be working 
with is the Einstein-Hilbert action and a scalar field <f> as 
the matter content for the model. In units 8irG = 1, the 
action takes the form 



S = dt{~ 



3ad 2 



2N 



NV(<j>) 



(2) 



here V(4>) is the scalar potential. From now on we will 
restrict to the case of constant potential {V(<j>) = —A). 

For the purposes of introducing the deformation to 
the minisuperspace variables an appropriate redefinition 
needs to be made, we make the following change of vari- 
ables 

x = TO _1 a 3 / 2 sinh(m</>), y — m -1 a 3 / 2 cosh(m</>). (3) 

where mT 1 = 2^/2/3. In these new variables we calculate 
the Hamiltonian 



Hr 
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where uj ~ — 4 A. This is the canonical Hamiltonian 
which is a first-class constraint as is usual in general rel- 
ativity. Since we do not have second class constraints in 
the model we will continue to work with the usual Pois- 
son brackets and the relations of commutation between 
the phase space variables 

{<£i;^} Oj X^Xi 1 Pyj J 0> {-Eii Pxj} ^ij' 

(5) 

At this point, we have a minisuperspace spawned by the 
new variables (x, y). To find the dynamics of this model, 
we need to solve the equations of motions, these are de- 
rived as usual by using Hamiltons equations. For the 
particular model the equations are 



(6) 



Prr = UJ X, 



P„ 



-u 2 y, 



these equations can easily be integrated 

x(t) = X cos (\ui\t + S x ), y(t) = Y cos (\w\t + S y ). 

In order to satisfy the Hamiltonian constraint we intro- 
duce the solutions to the Hamiltonian, this gives a re- 
lationship between the integration constants, it easy to 
verify that Xq = ±Yq. 



III. DEFORMED SPACE MODEL AND A 

The original ideas of deformed phase space, or more 
precisely deformed minisuperspace, where done in conec- 
tion with noncommutative cosmology [3]. As already 



mentioned, in order to avoid the complications of a non- 
commutative theory of gravity, they introduce a deforma- 
tion to the minisuperspace in order to incorporate non- 
commutativity. Usually the deformation is introduced by 
the Moyal brackets, which is based in the Moyal product. 
An alternative to introduce full phase space deformations 
can be accomplished by deformation quantization [7]. In 
quantum cosmology, the models are constructed in the 
minisuperspace, then we can argue that studying cosmol- 
ogy in deformed phase space could be related to studying 
quantum effects to cosmological models |S]. A different 
constructio is based on symplectic manifolds [3]. In this 
approach the Hamiltonian has the same functional form 
but is valued on variables that satisfy a modified Poisson 
algebra |U |H1 H] ■ Once the deformation has been done 
one arrives to a modified Poisson algebra 

(8) 

Making the following transformation on the classical 
phase space variables {x,y,p x ,p y } 



x = x+-p y , y^y~^Px, 

PX=PX~ -ZV, Py =Py+ -X, 



(9) 



now the algebra reads 



{$,£} = 9, {X,p x } = {y,Py} = 1 +CT, {py,p x }=P, 

(10) 

where a = 9(3/4. Now that we have constructed the 
modified phase space, we apply the transformation to 
the Hamiltonian Q, where after defining 



u 2 = 



(3-oj 2 



1 i-uj 2 e 2 /4 



u 2 ~/3 2 /4 
1 - uj 2 9 2 /A 



(11) 



we get 



H = ^ {Pi ~ fy + ui(xp y + ypx) + u 2 (x 2 ~y 2 )}. (12) 
We can construct a bidimensional vector potential A x — 

2 2 

— ^y, A y — ^-x from were a magnetic field B = ujf is 
calculated, this result allow us to write the effects of the 
noncommutative deformation as minimal coupling on the 
Hamiltonian, H = [{p x — A x ) 2 +uj 2 x 2 ] — [{jp y — A y ) 2 +uj 2 y 2 ], 
this expression can be rewritten in terms of the magnetic 
B-field as 



H 



where 



[fx 



(oj 2 3 - B 2 /4)x 
B(yp x + xp y ), 



5.21 



[p 2 + {u 2 -B 2 /4)y 



r,2l 



(13) 



= uj\ + uj\. This is a typical result in 2- 
dimensional noncommutativity, where the effects of the 
noncommutative deformation can be encoded in a per- 
pendicular constant magnetic field. 
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To obtain the dymanics for our model, we can derive 



the equations of motion from the Hamiltonian (12 1 



(14) 



x = {x,H} = ^[2p x + u\y] : 

y = {y, h} = - [-2p v + ujjx] , 

Px = {Px,H} = -[-ufpy - 2u\x\, 

Py = {Pv> H] = \ + 2ujly], 

yielding the following equations of motion 

x - u\y + (u)l + ^uf\ x = 0, 

y-u\± + (u% + ^u{) y = 0. (15) 

Defining new variables r\ and ^ as i] = x + y, C, — y — x, we 
can decouple and solve equations ( fl5"] ) to get the solutions 
in terms of the noncomutative variables x(t) and y(t) 




FIG. 1. Dynamics of the phase space deformed model for the 
values Xq = Yo = 1, #2 = <5i = 0, u = and /3 = 1. The solid 
line corresponds to the volume of the universe, calculated with 
the noncommutative model. The dotted line corresponds to 
the volume of the de Sitter spacetime. For large values of t 
the behavior is the same. 



x(t) = A e 2 1 * cosh (u't + Si) - B e~ i 4 cosh (u't + S 2 



y(t) = A eT f cosh (u't + Si) + B e 



"*cosh (u't + S 2 ), 
(16) 

where u/ 2 = — u\. 

Up to this point we have obtained the equations of 
motion using the deformed Poisson algebra (10 1. From 
the solutions for ( 16 ) we can write the volume of the 



universe original variables, 



a 3 (t) = V 



2 cosh 2 ( u't 



8i + 8 2 



— 1 + cosh (Si — S 2 ) 



(17) 



where <5i and 82 are related to the constants A,B. From 
Figure 1 we can notice that for large values of t our 
cosmological model behaves like a de Sitter cosmology. 
Comparing the de Sitter cosmology with the deformed 
phase space model in the late time limit enables us to get 
the following relationships between the de Sitter cosmo- 
logical constant A and the noncommutative parameters 



A 



eff 



/3 2 +3A 



1 



16 1W 



(18) 



in the particular case where A = 0, the noncommutative 
parameter plays the role of the cosmological constant and 
is given by 



A eff = 



(19) 



DISCUSSION AND OUTLOOK 

In this letter we have constructed a deformed phase 
space model of scalar field cosmology. The deformation is 
introduced by modifying the symplectic structure of the 
minisuperspace variables, in order to have a deformed 
Poisson algebra among the coordinates and momenta. 
This construction is consistent with the assumption taken 
in noncommutative quantum cosmology [3HS] , and enable 
us to study the effects of phase space deformations in 
scalar field cosmology. 

The deformed phase space model is obtained making 
the transformation Q on the canonical Hamiltonian Q 
which allow us to work out a Hamiltonian that depends 
on the deformed variables :f, and p t . To obtain the non- 
commutative equations of motion for the model, an in 
order to find solutions, a convenient change of variables 
was made. Finally, with the solutions, we where able to 
return to the original variables, and find that the volume 
of the universe is given by equation (17 1. 



We found interesting effects on the evolution of the 
scale factor as a consequence of the deformation to the 
phase space. First, in the case when we turn off the 



parameter 9 in (111, the noncommutative parameter (3 



can be interpreted as a magnetic field that is constructed 
from a 2 dimensional vector potential. The effects of this 
B-field can be introduced in to the Hamiltonian through 
minimal coupling on the canonical momenta. 

Finally we found that with our model the volume of 
the universe behaves like a de Sitter cosmology for large 
values of t even when A = 0. This allows us to get a rela- 
tion between the cosmological constant and the deformed 
parameter for the momenta by comparing the late time 
evolution of the volume of the noncommutative model 
with the volume of a de Sitter universe. Evidence of a 
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possible relationship between the late time acceleration 
of the universe and the noncommutative parameters has 
been accumulating [5J HJ , our results also point in 
this direction, based on this observation in a model that 
gives some insight of the origin of A is presented in [T^] . 
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